We study the geometry of universal embedding spaces for compact almost complex manifolds of a given dimension. These spaces are complex algebraic analogues of twistor spaces that were introduced by J-P. Demailly and H. Gaussier. Their original goal was the study of a conjecture made by F. Bogomolov, asserting the "transverse embeddability" of arbitrary compact complex manifolds into foliated algebraic varieties. In this work, we introduce a more general category of universal embedding spaces, and elucidate the geometric structure of the integrability locus characterizing integrable almost complex structures. Our approach can potentially be used to investigate the existence (or non-existence) of topological obstructions to integrability, and to tackle Yau's Challenge.
Introduction J-P. Demailly and H. Gaussier proved that every compact almost complex manifold (X, J X ) of dimension n admits an embedding F : X ֒→ Z that is transverse to an algebraic distribution D ⊂ T Z (cf. Theorem 1.2 [4] ), and that if J X is integrable, Im(∂ J X F) is contained in a subvariety I of the Grassmannian bundle Gr C (D, n) → Z that is the isotropic locus of the torsion tensor θ : D × D → T Z /D, θ(ζ, η) = [ζ, η] mod D (cf. Theorem 1.6 [4] ). J-P. Demailly proposed using this result to study Yau's Challenge: Determine whether there exists a compact almost complex manifold of dimension at least 3 that cannot be given a complex structure [6] .
The proposed strategy is most promising when the homotopy classes of almost complex structures are well understood. This is the case for the (oriented) sphere S 6 since any almost complex structure on S 6 is homotopic to the well-known octonion almost complex structure.
Let J be a hypothetical integrable almost complex structure on X that is homotopic to J X . A (smooth) homotopy J t such that J 0 = J X and J 1 = J produces an isotopy of transverse to D embeddings F t : (X, J t ) ֒→ Z, giving rise, in turn, to a homotopy Im(∂ J t F t (x)) : [0, 1] × X → Gr C (D, n), where Im(∂ J 0 F 0 (x)) ⊂ Gr C (D, n) and Im(∂ J 1 F 1 (x)) ⊂ I . The original proposal was to study the topology of I relative to Gr C (D, n) independently in hopes of detecting an obstruction to the existence of the homotopy Im(∂ J t F t (x)) [3] . It is unclear if such an obstruction exists at all. But if it did, then in the special case of a homotopically unique J X , the conclusion would be that X cannot be a complex manifold.
A refinement of the initial proposal can be obtained by replacing Gr C (D, n) with a Zariski open subset Gr o (D, n) ⊂ Gr C (D, n) and I with its intersection I o with Gr o (D, n). This is explained in section 2.2. Then, it is possible to reformulate the strategy in terms of the topology and geometry of the quotient Gr o (D, n)/I o , and to interpret said reformulation as a linearization of the problem of deciding when an almost complex structure is integrable. This is mentioned in the concluding remarks, and will be the topic of future work.
The main goal of this article is to study the geometry of spaces involved in the aforementioned improvements of the initial strategy. Additionally, we provide a generalization of the embedding theory that was incepted by J-P. Demailly and H. Gaussier in [4] .
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Universal embedding spaces associated to even-dimensional complex manifolds
A complex directed manifold is a pair (X, D) of complex manifold X and distribution D ⊂ T X , i.e. D is a holomorphic sub-bundle of the tangent bundle of X. Complex directed manifolds form a category whose morphisms are holomorphic maps Ψ : X → X ′ with Ψ * (D) ⊂ D ′ [2] . A morphism isétale if it is a local isomorphism. For example, anétale morphism of real analytic manifolds is a real analytic map that is locally a diffeomorphism and ań etale morphism of complex manifolds is a holomorphic map that is locally a biholomorphism. If (X, J) and (X ′ , J ′ ) are almost complex manifolds, a map f : X → X ′ is pseudo-holomorphic provided that it satisfies the corresponding Cauchy-Riemann equation
If W R is a real analytic manifold and dim R (W R ) = m, by the complexification of W R , we mean the unique (germ of the) complex manifold W that results from selecting an atlas on W R and complexifying each of its real analytic transition functions near the real points. The complexification W is such that dim C (Y ) = m, and it possesses a natural anti-holomorphic involution whose set of fixed points is W R .
Let k ≥ n ≥ 1 and Y be a complex manifold of complex dimension 2k. For every y ∈ Y , consider the complex projective manifold of flags of
and the product manifold
This is a complex manifold of complex dimension
and it bears a resemblance to twistor bundles and Grassmannians [4] . Let π Y : Z n (Y ) → Y be the projection map defined for any y ∈ Y and q y ∈ Q y by π Y (y, q y ) = y.
In the case Y = C 2k , if we let
then we simply get that Z n (C 2k ) = C 2k × Q. Therefore, the above construction recovers the one made by J-P. Demailly and H. Gaussier, who introduced the complex directed manifolds (Z n,k , D n,k ), where Z n,k is the complex, quasi-projective manifold of all 5-tuples
and D n,k is the co-rank n sub-bundle of T Z n,k , whose fiber at any w ∈ Z n,k is
(cf. Theorem 1.2 [4] ). For n fixed, the above defined complex directed manifold (Z n (Y ), D n,k ) will be called here the universal embedding space associated with Y , as we will soon see its universal property.
fiber bundle with typical fiber Q, and if Y = C 2k , the bundle is trivial. The universal embedding space Z n (Y ) is locally diffeomorphic to Z n (C 2k ).
Proof. Given a holomorphic atlas (U α , ψ α ) for Y and p ∈ U α , the isomorphism T Y ,p ≃ C 2k induces a biholomorphism Q p ≃ q α Q, and so (
, where Z n (U α ) = p∈U α Q p , where the first identification comes from the local trivialization and the second one, from the map ψ α : U α → C 2k .
Universal embedding property
Next we construct embeddings of compact almost complex manifolds. Our approach is based on that used in the proof of Theorem 1.2 of [4] . Throughout, (X, J X ) is a compact almost complex manifold of dimension n ≥ 1. Proof. DefineJ := J X ⊕ J N , which is a complex structure on
x be the +i eigenspace forJ C (x) and Σ ′′ x be the −i eigenspace forJ C (x). Then, the +i, respectively −i, eigenspaces
, and define S ′′ and Σ ′′ similarly. Then, σ gives rise to the anti-holomorphic involutionσ :
The real points Z n (Y ) R of Z n (Y ) are the fixed points ofσ, so
The anti-holomorphic character of σ implies that dσ is type-reversing and point-wise conjugate linear, so
on F(X), and then since F is an embedding, the pullback section
) is an almost complex structure on X. Note that
X,x , which is T X endowed with the complex structure J C X (x). Run the above construction, with T
Proof. Since T M ≃ N M/M×M , we obtain the following real analytic splittings
Let J N X/M ⊕N X/M be the tautological complex structure that is given by
If we take Y R = M × M as in the lemma, we then have that
X,x , and
Here we can see why it is nicer to take −J X in the definition of J N , as otherwise Σ ′ x and Σ ′′ x would have repeated direct sum factors of T
1,0
X,x and T 0,1
Proof. Take any real analytic manifold M of dimension k and put
We call an embedding F as in Corollary 1 a universal embedding and denote it by 
Functorial property with respect toétale morphisms
For each n ∈ N, let C-Man n Et be the category of complex manifolds of dimension n whose morphisms areétale morphisms. For each k ≥ n ≥ 1, we have functors
, and so forth. Throughout, we will write
For a fixed n, the universal embedding space associated with Y is a complex directed manifold (Z n (Y ), D n,k ) such that every compact almost complex n-dimensional manifold (X, J X ) admits a totally real, transverse to D n,k , J X -inducing embedding F : X ֒→ Z n (Y ), and it satisfies the following universal property. For any n-dimensional compact almost complex
commute. By the Nash-Tognoli Theorem, we may assume that X and X ′ are smooth real algebraic varieties and that g : X ֒→ Y R and g ′ : X ′ ֒→ Y ′R are algebraic. Then, our construction gives that F and F ′ are real algebraic as well.
2 The geometry of Z n (Y ) and related bundles
Let U y ≃ ψ C 2k be any holomorphic coordinate chart that is centered at a given point y ∈ Y . Let p ∈ U y . We write ψ(p) = (x 1 , . . . , x 2k ) for the holomorphic coordinates of the point p.
. From this point on, we will omit reference to the point p in the vector ∂ ∂x j p , and denote is simply by
, and Σ ′′ = Γ(f Σ ′′ ), where Γ(g) denotes the graph of the function g; e.g.
Then,
This defines a coordinate map q :
where
, and
and note that q(f y ) = 0.
Coordinates centered at w y are then given by the map φ := ψ × q :
and note that φ(w y ) = 0.
Sub-bundles of the Grassmannian bundle
The torsion operator is the section
At the central point, we have the coordinate form Lemma 2.
Proof.
. . , 2k} and define
Here we work with the less compact, but equivalent coordinates
is a basis of the tangent space T Z n (Y ),w . Then,
and
Let a : U y × A(f y ) → M n×(N n,k −n) (C) be the function a(w) = (χ I z ij ), where
Then, since χ I = 0 on {n + 1, . . . , k} × {n + 1, . . . , k},
Therefore,
,
Note that a(w y ) = 0. At w y ,
because the function a is independent of x i for all i, and
Then since, 1 ≤ i ≤ n, n + 1 ≤ j ≤ 2k, and (m, l) ∈ I , the index domains (i.e. the domains of i, j, l and m) overlap exactly at {1, . . . , n}×{n +1, . . . , 2k}∩ I = {1, . . . , n} × {n + 1, . . . , 2k}. Therefore,
Recall the projection mapping π Y : 
A functorial group action
This is a brief overview of basic facts that we will use in future work on understanding the geometry of Z n (Y ) and related bundles via group actions.
Let (e j ) 2k j=1 be the standard basis of C 2k , S 
As a result, Q ≃ GL 2k (C)/Λ.
Proof. For any subspace
∈ GL 2k (C) and note that Bf 0 = f 0 iff
B ij k+1≤i≤2k,1≤j≤k = 0 k×k , and B ij 1≤i≤k,k+1≤j≤2k = 0 k×k so that B is as claimed. 
The typical fiber of this bundle is Hom(C n , C N n,k −2k ), coming from the fact that for any (w, S w ) ∈ Gr C (∆ n,k , n), 
Remark 4. Let V be a complex vector space and W ⊂ V be a subspace. Let p :
V → V /W be the linear projection map, v → v mod W . Define Gr o (V , r) := {U ∈ Gr C (V , r) | p| U is injective}. Choose a subspace T that is complementary to W , i.e. V = T ⊕ W . Then, Gr o (V , r) = {U ∈ Gr C (V , r) | p(U ) ∈ Gr C (V /W , r)} = {U ∈ Gr C (V , r) | U ∩ W = {0}} = {Γ(f ) | f ∈ Hom(S, W ) for some S ∈ Gr C (T , r)}. Since T ≃ V /W , Gr C (T , r) and Gr C (V /W ,(V /W , r)× W → Gr C (V /W ,
r). Notice, however, that this identification depends on the choice of complementary subspace T , and that the "zero section" of the vector bundle moves with the choice of T when it is mapped into Gr o (V , r).
Given any vector bundle homomorphisms F ∈ Hom(γ n,k , π * n,k (T Z n (Y )/Y )), if Id γ n,k is the identity morphism, we can produce another vector bun-
, where S ⊂ T is a moving r-dimensional subspace, namely a point of the Grassmannian Gr
and the fiber over (w, V ) is the usual graph of the linear map
be the bundle morphism Θ(F) = θ| Γ(F)×Γ(F) . On fibers, this becomes a map
Proof. To prove 1., let ζ, η ∈ V . Remark 3 implies that θ(w)(ζ, η) = θ(w)(f (ζ), f (η)) = 0. From the bilinearity and anti-symmetry of θ(w), it then follows that η, f (ζ) ). Apply this identity to f + g to find that
The second claim will follow at once from the description of the fiber ρ −1 (w, V ) that we provide in the proof of the theorem below. Point 1. says that Θ is a true vector bundle homomorphism. Proof. Let (U α ) be a local trivialization of the fiber bundle Z n (Y ) Remark 1) . The relative tangent bundle sequence is not necessarily globally split, however it does split locally with respect to a trivialization, meaning that, in particular, the short exact sequence
Theorem. The spaces Gr
is split and induces the split sequence
Not all splittings of ( * ) necessarily come from a trivialization of π Y :
is defined thanks to the splitting of ( * ). Here γ n,k | G α is the restriction of the tautological bundle to G α . Notice that
Remark 4 is intended to provide some geometric intuition of the above. Consider the map
where the domain is the fiber product, and where the map t is defined on the fiber over (w α , S w α ) by
is free and transitive. The map t thus realizes the fiber ρ −1 (w α , S w α ) as an affine linear space modelled on the vector space
There are a few subtleties. Since ρ −1 (w α , S w α ) is not genuinely a vector space, an isomorphism with Hom(γ n,k
The biholomorphisms between fibers of the bundles ρ :
are not canonical. They depend on the local holomorphic splitting of the relative tangent bundle sequence. That Y is a generic complex even dimensional manifold is the underlying reason for there being no natural splitting of the sequence, which in turn implies the non-naturality of the biholomorphisms.
Note that the sets G α , which are preimages of the open subsets Z n (U α ) ⊂ Z n (Y ) under the continuous bundle projection π n,k , form an open cover of the total space Gr
)}, which is an affine linear space modelled after Hom(C n , C N n,k −2k ). For all (w, S w ) ∈ G α , we have a biholomorphism ρ −1 (w, S w ) ≃ Γ, inducing a biholomorphism
, n) as a holomorphic fiber bundle with typical fiber Γ, and so ρ :
By Lemma 5, the fiber over (w α , S w α ) of the sub-bundle
and this is an affine linear space modelled on the vector subspace ker(
is thus an affine bundle modelled on the (sub-)vector bundle h| ker Θ : ker Θ → Gr C (∆ n,k , n), where
An immediate consequence of the theorem is that the total spaces Gr o n,k ) = 0, for all i ≥ 0. However, ordinary relative homotopy groups might not be capturing crucial information needed to study topological obstructions to integrability. Perhaps, a better perspective is furnished by fibered homotopy groups [1] . In order to implement this viewpoint, it would be helpful to have a more complete understanding of the algebraic geometry of the fibers of Gr 
Proposition 2. There is an isomorphism of vector bundles on Gr
Proof. The isomorphism so that
Observe that for any f ∈ Hom(V , A w y ), there exist unique g ∈ Hom(V ,
is a basis of V , then in terms of the basis
for any 1 ≤ m ≤ n. In particular, we see that f (X m ) ij = 0 for all 1 ≤ i ≤ n and n + 1 ≤ j ≤ 2k, from which it follows that
Next we make use of the isomorphism Ψ : Hom The isomorphism also follows after noticing that Θ(w, V ) is surjective. However, inasmuch as we can only see a less elegant proof of this fact, we do not include it here.
Concluding remarks
Let (X, J X ) be an n-dimensional compact almost complex manifold and F : (X, J X ) ֒→ Z n (Y ) be a universal embedding. Consider the mapF : (X, J X ) → Gr This goal is motivated by a reformulation of the strategy to study Yau's challenge-something that we will investigate in a future article.
